The global picture of the Higgs potential in the bottom-up approach is still unknown. A large deviation as big as O(1) fluctuations of the Higgs self couplings is still a viable option for the New Physics. An interesting New Physics scenario that can be linked to a large Higgs self coupling is the baryogenesis based on the strong first order phase transition. We revisit the strong first order phase transition in two classes of Beyond the Standard Models, namely the Higgs portal with the singlet scalar under the Standard Model gauge group with the Z2 symmetry and the effective field theory approach with higher-dimensional operators. We investigate a few important issues in the validity of the effective potential, caused by the breakdown of the high-temperature approximation, and in the criteria for the strong first order phase transition. We illustrate that these issues can lead to O(1) uncertainties in the precision of the Higgs self couplings, which are relevant when discussing sensitivity limits of different future colliders. We show that the correlation between the Higgs trilinear coupling and the quartic coupling will be useful for differentiating various underlying New Physics scenarios and discuss its prospect for the future colliders.
I. Introduction
The baryon asymmetry of the universe remains a challenging mystery. An explanation of the baryon asymmetry based on the strong first order electroweak phase transition (SFOEPT) of the Higgs potential is a commonly explored option. A motivation for pursuing this idea is partly related to the fact that a large deviation of the Higgs self coupling with respect to the Standard Model (SM) value is still phenomenologically allowed [1] [2] [3] . A reconstruction of the global picture of the Higgs potential via the Higgs self coupling measurement is of utmost importance for better understanding of the nature of the electroweak phase transition as well as the dynamics of the electroweak symmetry breaking (EWSB).
The electroweak baryogenesis (EWBG) based on the SFOEPT is an attractive way to explain the baryon asymmetry [4] . Today, electroweak symmetry is broken but in the early universe it was electroweak symmetric [5] [6] [7] [8] . About 10 −11 seconds after the Big Bang, the universe undergoes a phase transition from the electroweak symmetric (unbroken) phase to asymmetric (broken) phase. This leads to the formation and expansion of bubbles of the true vacuum configuration into the false one if the phase transition is the first order [5, 6] . If there exists CP violation, particle interactions with expanding bubble may create a baryon asymmetry in the vicinity of the bubble via baryon number violating process induced by the sphaleron. The generated baryon asymmetry near the bubble will enter into the bubble as it expands. However, the baryon asymmetry would have been washed out if the sphaleron process inside the bubbles is not sufficiently suppressed. This requires that the phase transition needs to be strongly first order for the successful EWBG based on the SFOEPT. While a realistic EWBG scenario requires a large enough CP violation as one of the Sakharov conditions for the EWBG to be realized [9] , we will focus in this work only on the plausibility for having a strong first order electroweak phase transition in the Higgs potential [10] [11] [12] (for a recent review, see Ref [13] ).
A tight correlation between the Higgs cubic coupling and the dynamics of electroweak phase transition has been explored in several beyond the SM (BSM) scenarios in the context of the EWBG and it has been shown that those models can be tested at future colliders via the cubic coupling measurement [14] [15] [16] [17] . The effective potential at a finite temperature is the main theoretical tool to check the compatibility of BSM scenarios with the SFOEPT, but there have been some variations in the form of the effective potential which has been used in their analyses. For a successful EWBG, the phase transition must be strongly first order. The criterion for baryon number preservation which requires the suppression of the sphaleron process is approximated by the threshold value of v c /T c . Here v c is the critical Higgs vacuum expectation value (VEV) at critical temperature, T c . The uncertainty in the precision calculation of baryon number asymmetry is reflected in the range of v c /T c 0.6 − 1.4 used in literature instead of a unique threshold value (for example,
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see [18] ). This approximate ratio has been used to claim that the phase transition is strongly first order 1 . In this work, we aim to study in detail the impact on the precision of the Higgs self couplings caused by the ambiguity in the form of the effective potential and by the finite range of v c /T c values. We will show that the uncertainty on the Higgs self coupling due to the various ambiguities can be as big as O (1) and that there can also be a dramatic impact on the prospect for the future colliders. To this end, we will consider two classes of BSM scenarios that have been extensively considered in literature: a Higgs portal with a singlet scalar [17, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and an effective field theory (EFT) approach with higher dimension operators [15, [29] [30] [31] [32] . For the EFT approach, we will consider not only the case only with dimension-six operator, |H| 6 , but also extend to the scenario where all higher dimensional operators, |H| 4+2n (n ≥ 1), are resummed up to the infinite order in the Higgs field [15] 2 . In particular, universal Wilson coefficients are assumed and the EFT description will be valid even when coefficients deviate largely, provided the energy is well below the cutoff scale.
The quartic coupling in the context of EWBG based on the SFOEPT has not been well studied. This is mainly because the production channels which directly accesses this coupling have a very small production cross-section [34] [35] [36] [37] . We make the novel observation that there is a large parameter space for SFOEPT in the commonly explored BSM scenarios, where the quartic coupling can deviate with respect to the SM one by a factor of O(1 − 10). We found it very illuminating to study the strength of the electroweak phase transition in the cubic versus quartic Higgs self coupling plane as it highlights the utility of the quartic coupling as a way to disentangle various BSM scenarios. In particular, if the deviation of the cubic coupling with respect to the SM one is (or bigger than) O(1), then the measurement of Higgs quartic coupling is palpable in the future colliders [34, 37, 38] . This can serve as a discriminator among different underlying models responsible for the electroweak phase transition.
Our paper is organized in the following way. In Section II, we define two prescriptions for the effective potential at a finite temperature differ by the use of the high-temperature approximation of the thermal potential. We then briefly discuss about the thermal potential in various temperature limits. We first focus our attention to the benefit of using the series-sum of Bessel functions of the second kind for thermal potential computation. This approximation reproduces the exact evaluation for the entire temperature range when a large number of terms are included -we choose n = 50 in this work. In Section III, we introduce two types of benchmark scenarios: the Higgs portal with a singlet scalar with Z 2 symmetry and the effective field theory approach with higher-dimensional operators. In Section IV, we explore the commonly used criteria for the SFOEPT and review related issues. We scan the variables of the benchmark BSM scenarios to identify the compatible parameter space with SFOEPT. In each benchmark scenario, we examine the relationship between the cubic and quartic couplings. Finally, we present the prospects for the Higgs self couplings at the future colliders. In the course of our discussion in Section V, we comment on the issue regarding the validity of effective potential, mainly caused by the high-temperature approximation of the thermal potential and v c /T c values in a finite range. We conclude in Section VI.
II. Effective Potential in Finite Temperature
The dynamics of the electroweak phase transition is governed by the finite-temperature effective action, S ef f (T ), where T is the temperature. The S ef f (T ) reduces to an integral over the effective potential V ef f (φ j , T ), which is the free energy density for spatially homogeneous background fields, φ i (where i ≥ 1 ). The effective potential up to one-loop level is given by
where Π i is thermal masses (or Debye masses). The first terms V tree is the tree-level SM Higgs potential augmented by BSM features which we will discuss in detail later. The second term V CW is the one-loop Coleman-Weinberg potential [39] . Using on-shell renormalization scheme in the Landau gauge, it is given by
where the sum runs over the SM particles including the Goldstone bosons and BSM particles. The degrees of freedom for each particle is g i with F i being the fermion number. The expression for V T , the thermal potential at finite temperature, is defined as
where the integral with "−/+" sign denotes the thermal bosonic/fermionic function. The exact thermal mass is computed by solving finite-temperature gap equations properly, which is beyond the scope of this paper. We simply take the leading contribution in temperature to thermal mass (which amounts to the re-summation of daisy diagrams) in the high temperature limit. We call the recipe in Eq. (1) with truncated thermal masses prescription A.
In a fully consistent high temperature expansion, the thermal potential should also be approximated accordingly. In this approximation, V T effectively splits into the one-loop thermal potential without thermal mass and the IR divergent piece, known as ring-term V ring which counts zero modes of the Debye masses [40, 41] . The effective potential with this self-consistent high-temperature approximation will be referred as prescription B which is defined as [43] . However, we find that the low-temperature approximation in Eq. (9) with n of order a few 10's gives a very good agreement with the exact evaluation, even for near-zero m/T values. This implies that the low-T approximation with a sufficiently large n can replace the exact evaluation for the entire range of the argument. An additional advantage of using low-temperature approximation with large n is the better agreement with the exact method, even for a large negative m 2 /T 2 , as compared to the piece-wise function. Throughout our simulation, we adopt the analytic expressions in Eq. (9) with n = 50 as the replacement of the exact thermal potential in the prescription A. We will use the effective potential using the above mentioned two prescriptions in context of two different 
Free energy for the fermions (left) and bosons (right) as a function of m/T in the high-T approximation (black-dashed), low-T approximation in Eq. (9) (red-dashed) with n = 1, and in the exact form (black-solid). The dotted-blue line is the low-T approximation with the approximated K2 as in [42] .
BSM scenarios. While these prescriptions differ in forms of the thermal potential approximations, which prescription suits the case better should depend on the typical values of m/T ratios in the integrals in the domain of interest for SFOEPT. A related issue is illustrated in Fig. 1 for the bosonic and fermionic thermal potentials. It is evident in Fig. 1 , that the high-temperature approximation starts breaking down roughly around m/T 2 above which the low-temperature approximation with just n = 1, matches with the exact contribution. When it comes to the SFOEPT in BSM scenarios where usually larger values of m/T above the breaking point are likely, using high temperature approximation introduces O(1) uncertainties in evaluating the thermal potential (as we will show in the following sections). In this sense we see that our "prescription A" is more accurate as it doesn't expand the thermal potential in m/T when it is not small. However, the "prescription B" might be considered more consistent choice in terms of the consistency of the high-temperature approximation.
III. Benchmark Scenarios
We focus on two classes of benchmark scenarios that have been extensively considered in the literature. For the first scenario, SM is extended to include a real singlet scalar with Z 2 symmetry via renormalizable interactions, and in the second, SM is extended to include higher dimensional operators. In both scenarios, the one-loop effective potentials are computed using two prescriptions introduced in Section II.
A. Higgs portal with a Singlet Scalar
This scenario has been well studied in a variety of different contexts [14, 17, 20, 21, [23] [24] [25] [26] . We restrict to the case of a Higgs portal with a real singlet scalar, denoted by S, under the SM gauge group which respects the discrete Z 2 , to avoid the mixing with Higgs field. The singlet mass is assumed to be larger than m h /2 in order to evade the constraints from exotic Higgs decay searches. We take the exact Z 2 symmetric case for simplicity even though Z 2 can be softly broken in certain scenarios, allowing S to decay to SM particles. Such a model provides the so called "no-lose" theorem for testing EWBG in future colliders, as it is the most phenomenologically challenging case, i.e. it can be probed only in the future collider searches via measurements of the Higgs potential. Tree-level potential in the unitary gauge takes the form,
where h is the electromagnetic neutral real component of the Higgs doublet. The EWSB occurs when µ 2 > 0, giving rise to EWSB minimum for the higgs, h = v = µ/ √ λ ≈ 246 GeV. One among the three Lagrangian parameters, µ S , λ HS , λ S related to the singlet can be traded for the physical singlet mass, m S . The potential at large fields can be approximated to
The stability of the potential at large fields, or avoiding negative runaway directions in the potential, requires λ > 0, λ S > 0, and λ HS > − √ λλ S . In the early universe at a very high temperature, the temperature dependent mass term dominates the effective potential, and the global minimum occurs at the electroweak symmetry preserving point, or ( h , S ) = (0, 0). As the universe cools down, EWSB global vacua can develop away from the symmetric point. The phase transition can proceed in two different ways in this scenario, assuming that our global vacua is always (v, 0). First possibility is the direct transit from ( h , S ) = (0, 0) to the global minimum (v, 0), called one-step phase transition. This occurs when µ 2 S > 0, and in the event λ HS < 0, λ S gets a lower bound to prevent the negative runaways. However, the singlet quartic, λ S mildly affects the effective potential as it only enters the Debye mass terms for the singlet. We parametrize one-step phase transition effectively in terms of two relevant parameters, m S and λ HS , while seting λ S = 0, in our numerical simulations. Alternately, it is also possible for the singlet to acquire a VEV at some point in the cosmological history while the Higgs is still in a unbroken phase, thus a local minima develops at ( h , S ) = (0, w). As the universe evolves, the EWSB finally occurs, ensuring that (v, 0) is the global minimum. This case is called the two-step phase transition. The singlet gets a VEV when µ 2 S < 0. Demanding V ef f (0, w) > V ef f (v, 0) at zero temperature ensures that (v, 0) is the global vacua, and it puts a lower bound on the singlet quartic as
The scalar sector masses exhibit field dependence on both h and S. The diagonalized masses of the scalar sector enter the one-loop masses, m i where i = h, S. In both possibilities of the transition history, the upper limit on λ S is set by the perturbativity.
B. Effective Field Theory Approach
We will consider the possibility of SFOEPT in context of the effective field theory [14, 15, 29, 31, 44] . We proceed with the assumption that Higgs belongs to the linear representation of SU (2) gauge group. Furthermore, we have assumed that the Higgs is realized as a Goldstone boson. We first focus on one type of dimension-six operator O 6 ∼ |H| 6 in the SILH basis [33] with the same normalization as in Ref.
[45]
The Higgs trilinear coupling, in principle, is also modified by
2 operator which is strongly constrained by the current Higgs coupling measurements and the electroweak precision measurements [46] . Our consideration is suitable for a New Physics scenario with O H O 6 , which we will briefly discuss later in this subsection. As the current LHC has a poor sensitivity on the Higgs self coupling, a large deviation of the O 6 is still a viable option for the New Physics such as the SFOEPT. With O 6 operator in Eq. (13) added to the SM Higgs potential, the tree-level potential in terms of h is
The Higgs VEV is determined by the equation,
The physical Higgs mass is obtained by
which determines the quartic coupling as a function of the m 2 h , v, and c 6 ,
The bare mass-squared as a function of the m 2 h and c 6 can be written as
Using Eqs. (17) and (18), the field-dependent Higgs mass term which goes into the effective potential is given by
The cubic and quartic couplings at tree-level are given by
In our normalization, c 6 is literally the deviation of the cubic coupling from the SM value,
The relation between the cubic coupling and c 6 is linear with the choice of our normalization of O 6 operator, and the same is true for quartic coupling. Even though the correlation between λ 3 and λ 4 is an interesting observation, this relation holds only at the level of dimension-six operators, e.g. adding a dimension-eight operator could break the relation. When assuming T -dependence only in the Higgs mass parameter as in [15, 29] , the constraint on c 6 compatible with the first order (either strong or weak) phase transition can be analytically obtained [15] ,
While we will be exploring the viable parameter space of c 6 with the full effective potential, the O(1) deviation in Eq. (22) is already alarming from the EFT viewpoint, and the truncation at the level of the dimension-six operators may not be well justified. A large deviation of the trilinear coupling or a large size of the O 6 operator in the linear representation, while suppressing the remaining operators to be consistent with the current Higgs data is usually not a generic feature of the EFT. However, there are a few well motivated scenarios that could give a parametric hierarchy between O 6 and O H , which was discussed in [45] . Here, we will assume that the New Physics sector is broadly characterized by one coupling g * and one mass scale Λ, associated with the new states. When the Higgs is assumed to be a generic composite state, not being a Goldstone boson, the O 6 can be bigger than O H by the factor g 2 * /λ 4 . Basically, the suppression of the O 6 operator by λ 4 /g 2 * which accounts for the shift symmetry breaking is undone. Another alternative is to couple the Higgs to a strongly coupled sector via Higgs portal, or λ|H| 2 O. When the operator O in the strongly coupled sector is characterized by one strong coupling and one scale, it can be shown that the ratio of O 6 to O H can get enhanced by the factor λ/λ 4 .
Assuming that all the Wilson coefficients are universal, as a specific case, all higher-dimensional operators up to infinite order in the Higgs field can be resummed, and the EFT description is valid provided the energy is well below the cutoff scale, E < Λ. The generic Higgs potential in the EFT approach can be written as
We have chosen the normalization in Eq. (23) such that the naive dimensional analysis (NDA) estimates of the coefficients scale like c 4+2n ∼ (v/f ) 2n where the factor f is defined as f ≡ Λ/g * . Using the parametrization H = (0, h/ √ 2) T , the above potential becomes
Employing NDA scaling for all the universal coefficients, namely, c 4+2n = c (v/f ) 2n with c ∼ O(1), all higher-dimensional operators can now be resummed to give
Analogous to the case of the dimension-six operator, the Higgs VEV is determined by the equation dV tree (h)/dh| h=v = 0 of the tree-level potential and the physical Higgs mass by
h . The bare mass parameter and the quartic coupling in terms of physical Higgs mass and Higgs VEV along with c and f (or ξ ≡ (v/f )
2 ) are determined to be
and
The field-dependent Higgs mass term is given by
We find that the Goldstone boson mass is given by
The thermal mass in the high-T approximation can be easily obtained by using the above-mentioned field dependent masses into Eq. (8) . The additional contribution to the thermal mass from the higher-dimensional operators with universal Wilson coefficients is given by
The cubic and quartic couplings at tree-level are
It is interesting to note that the deviation of the quartic coupling is 2(6 + ξ)/(2 − ξ) times bigger than that of the cubic coupling, that is,
In the limit f → v (or ξ → 1), the ratio 2(6 + ξ)/(2 − ξ) reaches a maximum value,
where the deviation of the quartic coupling appears fourteen times bigger than the deviation of the cubic coupling.
IV. Strong First Order Electroweak Phase Transition and Higgs Self Coupling
A. On the criteria of strong first order phase transition
There have been some ambiguities in the literature pertaining to the exact criteria for SFOEPT. A quantity commonly used is the ratio of the critical Higgs VEV to the critical temperature, namely, v c /T c , which simply checks the existence of the degenerate vacua at T c . The threshold value of the v c /T c has been used in a certain range (for example, see [18] ),
Once the degenerate vacua with the potential barrier is formed, eventually it should transit from one vacuum to the global vacua as the universe cools down. In a more sophisticated treatment, the Euclidean action, S 3 , is computed at a finite temperature, and we demand that the Euclidean action suppressing the tunneling rate is smaller than a certain value for the successful nucleation of the bubble [47] . The corresponding temperature and the Higgs VEV in this approach are denoted by T N and v N whose values are also used in a certain range. For instance, T N is determined such that
Addressing the phenomenological impact on the Higgs self coupling of this criteria involves the calculation of the Euclidean action. The discrepancy between (v c , T c ) and (v N , T N ) can depend on the structure of the effective potential during the phase transition (see [19] for a recent discussion on this aspect). While the overall ballpark of the parameter space does not seem to make a significant change under the variations mentioned above, there are several overlooked aspects which we will address below. The precision of the Higgs self couplings is subject to the O(1) uncertainty, which can make a dramatic impact on the prospect for future colliders. We will address these issues in Section V in detail.
B. On the parameter space for strong first order phase transition and Higgs self couplings
In the scenario of the SM extension with the scalar singlet as described in Section III A, the relevant parameters are the singlet mass, m S , the coupling λ HS between the Higgs and the singlet, and the scalar singlet quartic coupling λ S . For the one-step phase transition the quartic coupling λ S does not play much role directly in the phenomenology apart from ensuring the stability of the potential at a large field. In our simulation of the one-step phase transition, we simply fix λ S to zero and scan over the bare singlet mass µ S and the quartic coupling λ HS in the intervals µ S = [10, 1310] GeV (in steps of 10 GeV) and λ HS = [0, 5] (in steps of 0.05). On the contrary, when the phase transition proceeds via a two-step cascade, the λ S needs to stay above the minimum λ min S in Eq. (12) so that (v, 0) remains the global minimum. We perform a scan only over m S and λ HS in the intervals m S = [65, 700] GeV (in steps of 5 GeV) and λ HS = [0, 5] (in steps of 0.05) for a few choices of λ S , parameterized as λ S = λ min S + δ S . We assume that the singlet mass is heavier than roughly m h /2 to avoid the Higgs decays to the singlet scalar. We impose arbitrary hard cutoffs on the quartic couplings, namely λ HS < 5 and λ S < 5 (smaller than 4π which is the typical unitarity bound), to avoid the strongly coupled regime. On the other hand, in the EFT approach with the O 6 operator described in Section III B, we scan over Throughout all our simulations, we do not include the Goldstone bosons (in the Landau gauge) in the effective potential due to non-trivial treatment of infrared-divergences (see [31] 4 . For the EFT approach with O 6 operator, we find that neglecting the Higgs reduces the precision of the cubic coupling by (or less than) a few percent. Since Goldstone bosons interact with the same quartic coupling as the Higgs, we suspect that neglecting Goldstone bosons does not alter our result. The viable parameter space for SFOEPT satisfying v c /T c ≥ 1 in two classes of scenarios are shown in Fig. 2 . For the illustration in Fig. 2 , we chose the prescription A where the finite temperature potential is computed exactly, while the thermal mass entering into the potential is obtained using the high-T approximation. In the plot on the left, we see that the Higgs portal with the scalar singlet becomes a plausible option for SFOEPT only for a strong coupling λ HS ∼ O(1) when it proceeds via one-step phase transition. This corresponds to a region of parameter space where a naive approach based on the one-loop effective potential requires a careful treatment -the higher loop corrections to the one-loop Coleman-Weinberg potential may become large and the reliability of perturbative analysis may break down. Three dashed lines in the left panel of Fig. 2 represent a few rough estimates of the loop-contribution to the Higgs quartic coupling 5 . The issue of the strong coupling is a bit ameliorated for the case of two-step phase transition as the SFOEPT can be realized for a wide-range of coupling sizes including the small coupling region. However, the perturbative region is still limited due to the constraint on the minimum quartic coupling of the singlet, λ S ≥ λ min S . In the left panel of Fig. 2 , the corresponding region to 5 > λ min S > 0 appears as a narrow strip. In the presence of a strong coupling, especially for the finite-temperature quantum field theory, a consistent treatment of the effective potential involves a thermal resummation of various types of diagrams which is beyond the scope of this work (see [43] for a recent discussion). A systematic approach for the power counting and thermal resummation remains to be developed to correctly address the plausibility of the SFOEPT. The parameter space viable for EWBG based on the SFOEPT indicates that the singlet sector in the Higgs portal scenario is likely to be strongly-coupled.
In the middle panel of Fig. 2 , we find that the coefficient of dimension six operator for SFOEPT with v c /T c ≥ 1 criteria appears to have a large deviation, c 6 ∼ O(1). As aforementioned, a large coefficient is alarming from the EFT perspective, and the truncation at the level of the dimension-six operators should be taken with grain of salt. Given a large coefficient of the dimension-six operator, dimension-eight operators or higher may not be ignored, and the presence of higher-dimensional operators with non-negligible coefficients may change the details of the physics relevant for the SFOEPT. A large value of c 6 may indicate a strongly-coupled New Physics not far away from the TeV scale although the exact translation depends on the assumption of the UV completion. In the right panel of Fig. 2 and Fig. 3 , we show the result of the EFT approach when all higher-dimensional operators with universal coefficients are resummed to all orders in the Higgs field. In the region of c ∼ O(1) in Fig. 2 , the range of λ 3 /λ 3 SM values satisfying v c /T c > 1 is similar to the case only with the dimension-six operator. The right panel of Fig. 2 shows that the cubic coupling can deviate by larger amount with increasing ξ (equivalently to decreasing c as is evident in Fig. 3 ). In the special limit f → v (or ξ → 1), the coefficient c is well below one, or c ∼ [0.14, 0.23], and the overall deviation of the cubic coupling reaches the maximum, λ 3 /λ 3 SM ∼ [3. 45, 5.35] shown in the plot 6 . The deviation of the cubic coupling is much larger than the case with only the O 6 operator. In a situation where we observe 
FIG. 4:
The correlation between the cubic and quartic Higgs self couplings in two classes of BSM scenarios: the one-step SFOEPT in the BSM with a singlet scalar (red) and the phase transition in the EFT approach with only O6 operator (black) and with all the higher-dimensional operators, |H| 4+2n (n ≥ 1), with universal coefficients (blue) -a particular limit f → v (or ξ → 1) shown in green. The parameter spaces (except light-purple region) are shown for vc/Tc > 1. Light-purple is the corresponding region to Eq. (22) using a crude high-T approximation. The middle (last) plot is the zoomed-in version of the left (middle) plot. λ 3 /λ 3 SM ∼ O(1) deviation of the cubic coupling with respect to the SM value, it is a reasonable possibility that it could be induced by various types of New Physics models. When the phenomenological disentanglement of various New Physics scenarios becomes challenging, the measurement of the Higgs quartic coupling can be beneficial. As is illustrated in Fig. 4 , two different classes of scenarios based on either the Higgs portal with a singlet scalar or the effective field theory approach are widely separated in (λ 3 /λ 3 SM , λ 4 /λ 4 SM ) space 7 . As was mentioned in III B and illustrated in the Fig. 4 , the relation between λ 3 /λ 3 SM and λ 4 /λ 4 SM varies depending on the details of the underlying models. For the EFT with only dimension-6 operator, an order one deviation of the cubic coupling indicates roughly six times bigger deviation of the quartic coupling as was predicted by the tree-level potential. As is shown in Fig. 4 , a large deviation of the quartic coupling is more pronounced for the specific case with resummed higher-dimensional operators up to the infinite order in the Higgs field. The maximum amount of deviation of the quartic coupling as big as fourteen times the deviation of the cubic coupling is reached in the special limit f → v (or ξ → 1), shown as the green line in Fig. 4 . While the resulting quartic coupling can still be in the perturbative regime for the singlet-assisted BSM and the EFT only with O 6 operator due to the small λ 4 SM , the situation is likely pointing toward a strongly coupled dynamics for the EFT with the resummed higher-dimensional operators. The latter case with a very large quartic coupling might be constrained by other means. For instance, the unitarity bound on the cubic and quartic couplings were discussed in [48] and a possibility of constraining models via the S and T electroweak precision parameters induced by large Higgs self couplings was considered in [49] . On the other hand, the High-luminosity LHC (HL LHC) may have a sensitivity on the order one deviation of the Higgs self coupling as will be discussed in detail in Section IV C. It implies that a large fraction of the parameter space of the cubic coupling in Fig. 4 can be tested at the HL LHC.
In two classes of benchmark scenarios that we considered in our study, the deviation of the Higgs self couplings compatible with the SFOEPT are positive. It will be very interesting to explore the BSM models which predict the large negative deviation of the Higgs self coupling as the negative deviation has better sensitivity at the colliders.
C. Prospect for Future Collider
The measurement of the Higgs self coupling at the LHC is very challenging. The currently available projections of the Higgs cubic coupling on the HL LHC assuming 3 ab −1 indicates too poor sensitivity at 95%CL [50] [51] [52] to test any part of the parameter space shown in Fig. 4 . However, demanding the sensitivity at 68%CL may have a chance to access a chunk of the parameter space in Fig. 4 . It has been shown in [45] , using the same luminosity at the HL LHC, that the sensitivity of λ 3 /λ 3 SM − 1 at 68%CL has two intervals, [−1.0, 1.8] ∪ [3.5, 5.1] (see [53] for the related discussion). The first interval around SM value can test the Higgs cubic coupling with order one deviation, and this will exclude most EFT cases considered in this work. Any improvement of the Higgs self coupling at the HL LHC will be beneficial in testing the BSM scenarios for the EWBG based on the SFOEPT. The sensitivity of the cubic coupling gets significantly improved at 100 TeV pp collider due to the increased signal rate, and its sensitivity can reach up to ∼ 3% level [37] . The cubic coupling can also be accessed at the ILC, and its sensitivity dominantly comes from the Vector Boson Fusion (VBF) process at the high center of mass energy. The VBF process at 1 TeV, assuming that the integrated luminosity can reach 5 ab −1 , can measure the cubic coupling up to ∼ 10% [54] . The measurement of the quartic coupling is extremely difficult as the cross section is tiny even at 100 TeV pp collider. The cross section σ(pp → hhh) (before folding in Higgs decays) at 100 TeV is a few fb. The sensitivity of the Higgs cubic and quartic couplings at 100 TeV pp collider was recently studied in [34, 38] . The results in [34, 38] suggest that there is no meaningful bound on the quartic coupling when no significant deviation of the cubic coupling is observed. On the contrary, in a scenario that O(1) deviation of the cubic coupling is observed, the 100 TeV pp collider would have a meaningful sensitivity to the quartic coupling. According to the analyses of hhh → bbbbγγ [34] and hhh → bbbbτ + τ − [38] , two different channels are sensitive to the different regions in (λ 3 , λ 4 ) space in such a way that they are complementary 8 . While the hhh → bbbbγγ channel has a better sensitivity on the positive deviation of the quartic coupling for the case with positive O(1) deviation of the cubic coupling, the hhh → bbbbτ + τ − channel has a better sensitivity on the negative deviation of the quartic coupling for the same deviation of the cubic coupling. We suspect that the different patterns of the sensitivity in (λ 3 , λ 4 ) space under two different channels might originate from the different backgrounds.
V. Validity of Effective Potential
Among several issues regarding the validity of the effective potential, in this section, we will focus on the issue caused by the break-down of the high-temperature approximation of the thermal potential and its impact or uncertainty on the precision of the Higgs self couplings. As is evident in Fig. 2 , the coupling λ HS ∼ O(1) for the one-step SFOEPT. For the two-step case, λ HS can be a bit relaxed, but still the region for perturbative λ S is limited. When the naive criteria for the SFOEPT is satisfied, or v c T c , with O(1) coupling, the field dependent mass parameter in the potential is not small compared to the critical temperature, or
which invalidates the high-T approximation. The exact amount of the uncertainty depends on the degree of the violation of the high-T approximation -the value of m/T (e.g. m/T ∼ 2 − 5) shown in the first and second panels in Fig. 5 indicates that the high-T approximation does not work for the one-step SFOEPT. For the case of the two-step SFOEPT, its violation is more pronounced. On the other hand, a coupling with O(1) strength can be the signal of the breakdown of the perturbation theory. For given typical size of m S (v c )/T c in Fig. 5 which appears as a big as 2 − 5 in the prescription A (more pronounced in the prescription B) of the effective potential, one can go back to the plots in Fig. 1 to see the discrepancy caused by the approximated thermal potential with respect to the exact evaluation. The discrepancy between two prescriptions is more pronounced in the values of the critical VEV and critical temperature. As is seen in the third and fourth panels in Fig. 5 , the prescription A leads to more focused region where the VEV at the critical temperature is always smaller than zero-temperature VEV, or v c v = 246 GeV. The same plots show that the critical temperatures in the prescription A are densely populated in the vicinity of T c ∼ O(100) GeV.
We estimate the highest precision of the Higgs self couplings that future colliders need to achieve to rule out the considered scenario. The situation is illustrated in Fig. 6 . The highest precision corresponds to the left boundaries of both plots in Fig. 6 whose contributions are due to the lower singlet masses 9 -exactly where the high-temperature approximation relatively works the best amongst viable parameter space in Fig. 6 and two prescriptions agree well 10 . Demanding v c /T c 1 translates to ∼ 15% deviation of the Higgs trilinear coupling as the smallest in both prescriptions as is seen in Fig. 6 . As was mentioned in Section IV C, the 15% precision can be achieved in both 100 TeV pp collider and ILC (via variety of the processes). On
The correlation between vc/Tc and λ3/λ3 SM for one-step phase transition in two different prescriptions. The color is divided by vc/Tc = 1. In both plots, the bare mass was scanned over the window µS = [10, 900] GeV in steps of 10 GeV. The light-blue band represents the variation of the highest precision of λ3/λ3 SM corresponding to the variation of the criteria on vc/Tc in the interval vc/Tc [0. 6 1.4] .
demanding v c /T c 0.6, ruling out the scenario requires ∼ 5% precision of the Higgs trilinear coupling and this precision can be achieved only at the 100 pp collider [37] . In other words, the exact numerical criteria on the v c /T c has a drastic impact on the prospect for future colliders.
In making plots in Fig. 6 , we have included only the bare singlet masses in the window µ S = [10, 900] GeV in steps of 10 GeV. While the contribution from higher singlet masses to the v c /T c [0.6, 1.4] region naturally decouples around µ S ∼ 550 GeV in prescription A, we observe that a similar decoupling does not happen in the prescription B using the high-T approximation of the thermal potential. Instead, the higher masses in the prescription B continue to contribute to the SFOEPT parameter space, as is seen in Fig. 7 . As
The illustration of the decoupling (non-decoupling) of the higher singlet masses for one-step phase transition in prescription A (prescription B).
is evident in Fig. 8 , the higher masses in the prescription B severely affect the precision of λ 3 in the v c /T c < 1 region. While the newly added region, [900, 1310] GeV, corresponds to bigger m s (v c )/T c where the high-T approximation fails more severely (thus one should not trust the result), their contribution severely distorts the left boundary of the plot where previously the precision was set by the contribution from lower singlet masses. For clarification, a separate plot showing only the contribution from µ S = [910, 1310] GeV using the prescription B is presented in the last panel of Fig. 11 in Appendix A. This non-decoupling behavior makes the relation between the precision of the Higgs self coupling and the plausibility of the SFOEPT very obscure even in interpreting the result from lower masses. 
The correlation between vc/Tc and λ3/λ3 SM for the EFT approach only with O6 operator in two different prescriptions. The color is divided by vc/Tc = 1. The light-blue band represents the variation of the highest precision of λ3/λ3 SM corresponding to the variation of vc/Tc in the interval vc/Tc [0.6, 1.4].
We show the correlation between v c /T c and λ 3 /λ 3 SM for the EFT approach with the O 6 operator in Fig. 9 . Similar results for the EFT approach with resummed higher-dimensional operators are presented in Fig. 10 . As is evident in Fig. 9 and Fig. 10 The similar results between two prescriptions are easily understood since there is no large m/T parameter involved in this scenario unlike the m S (v c )/T c that became large in the Higgs portal with a singlet scalar. The smallest deviation of λ 3 in the EFT approach which reads ∼ 60% can be easily accessed by any future colliders unlike the situation of the scenario with the singlet scalar which predicts ∼ 5%. 
VI. Conclusion
In this paper, we have explored the validity of the effective potential which serves as the main tool to examine the structure of the Higgs potential at finite temperature and its implication on the Higgs self couplings. We have also explored the correlation between the Higgs cubic and the quartic couplings in the scenarios where electroweak phase transition is strongly first order. We have addressed these subjects in the context of two types of BSM scenarios, namely: (i) the Higgs portal with a singlet scalar with the Z 2 symmetry and (ii) the EFT approach with higher-dimensional operators. The EFT approach covered two cases: (a) based on the single |H| 6 dimension-six operator and (b) with all higher-dimensional operators |H| 4+2n (n ≥ 1) resummed up to the infinite order in the Higgs field assuming universal Wilson coefficients. Amongst several issues that can cause non-negligible uncertainties in the Higgs self couplings, we have focused on the validity of the high-temperature approximation and on the impact of the threshold v c /T c value in the range of [0.6, 1.4] on the precision of the Higgs self couplings. To this end, we have adopted two prescriptions which differ by the use of the high-T approximation of the thermal potential.
We have shown that the precision of the Higgs self couplings behaves very differently under two prescriptions for the case of the Higgs portal with the singlet scalar. While the singlet mass contributing to the viable region with the one-step SFOEPT naturally decouples at high masses in the prescription using the exact evaluation of the thermal potential, a similar decoupling does not happen when using high-T approximation of the thermal potential. In the latter case, we observe that the deviation of the Higgs self couplings in the region of v c /T c 1 is severely spoiled by the contribution from the very high singlet scalar masses which severely violates high-T approximation. We demonstrate that the highest precision of the trilinear Higgs self coupling that has to be achieved to rule out a minimal singlet scalar case with the Z 2 symmetry that proceeds via one-step phase transition significantly varies depending on the v c /T c values. While demanding v c /T c > 1 (1.4) requires the measurement of the coupling at ∼ 15% (35%) precision which is achievable at various future colliders such as ILC (via VBF process at higher c.o.m energy) and 100 TeV pp collider, more stronger criteria, v c /T c > 0.6 requires ∼ 5% precision of the cubic Higgs self coupling which is likely plausible only at 100 TeV pp collider. The break-down of the high-temperature approximation is more pronounced in the two-step SFOEPT.
We repeated similar exercises for the EFT approach. We found that, unlike the Higgs portal with a singlet scalar with the Z 2 symmetry, the EFT approach shows a similar pattern of the Higgs self couplings under the two prescriptions in the region of interest, namely, v c /T c ≥ 0.6, except overall shift of the deviation of the Higgs self couplings. We observe that the prescription using the exact thermal potential favors slightly higher deviation by roughly 10 (20)% amount for the EFT approach with single dimension-six operator (with resummed higher-dimensional operators). Unlike the case of the singlet scalar, the smallest deviation of the trilinear Higgs self coupling compatible with the SFOEPT is found to be higher than about 60%. Therefore, the EFT approach explored in this paper will be well tested in various future colliders. While the largest deviation of the trilinear Higgs self coupling in the BSM scenario with a singlet scalar is below order one, or roughly bounded by ∼ 70% of δ(λ 3 /λ 3 SM ), the EFT approach predicts much larger deviation of the Higgs self coupling, or δ(λ 3 /λ 3 SM ) ∼ O(1). We have pointed out that in the latter case, a large fraction of the parameter space can already be well tested at the HL LHC at 68% CL.
We examined the correlations between λ 3 /λ 3 SM and λ 4 /λ 4 SM in our benchmark scenarios when they are compatible with the SFOEPT. Interestingly, we found that the various New Physics scenarios for the SFOEPT not only appear widely separated in the two-dimensional Higgs self coupling space, but also the actual coupling sizes can be quite large enough for them to be tested via either direct or indirect measurements. For instance, we show that the quartic coupling, λ 4 /λ 4 SM , can reach very large value as big as O(10 − 100) for the EFT approach where all higher-dimensional operators, |H| 4+2n (n ≥ 1), are resummed assuming universal coefficients -in this case, the EFT description may make sense as long as the energy is well below the cutoff scale. On the other hand, the deviations of both Higgs cubic and quartic self couplings in the case with a singlet scalar is less pronounced and testing the scenario will be phenomenologically very challenging.
In this work, we have not considered the impact on the Higgs self couplings caused by the discrepancy between the critical temperature, T c , and the nucleation temperature, T N , as well as the effect due to the finite range of S 3 /T N which is used to determine T N . We have also not studied an issue caused by the coupling λ HS with order one strength at the finite temperature in the context of our specific BSM scenarios. Addressing the above issues requires a reliable computation of the tunneling rate from the electroweak symmetric vacua to the broken vacua in the first order phase transition 11 , and the systematic classification of all non-negligible thermal diagrams and the resummation of those diagrams [43] . Including all sources of uncertainties (as well as what we have considered in this work) at the same time to accurately estimate the impact of them on the precision of the Higgs self couplings will be an important exercise to know the plausibility of testing BSM scenarios in various future colliders. 
SFOEPT.
As was briefly mentioned in Section V, we have observed that the discrepancy between two prescriptions is more pronounced in the case of the two-step SFOEPT. In Fig. 14, we show the viable parameter (λ HS , m S ) space for the two-step SFOEPT. Four plots in Fig. 14 parameter space depends on the quartic coupling, λ S .
